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ABSTRACT 

We construct a four-dimensional (4D) gauge theory that propagates, unitarily, the 
five polarization modes of a massive spin-2 particle. These modes are described by 
a "dual" graviton gauge potential and the Lagrangian is 4th-order in derivatives. As 
the construction mimics that of 3D "new massive gravity", we call this 4D model 
(linearized) "new massive dual gravity". We analyse its massless limit, and discuss 
similarities to the Eddington-Schrodinger model. 



1 Introduction 



Einstein's theory of gravity can be viewed as an interacting theory of massless spin- 
2 particles, gravitons, but it is not excluded that the graviton could have a small 
mass pp. This possibility has implications for cosmology that have motivated many 
recent models of "massive gravity" ; see [2] for a recent review. At the linearized level, 
the introduction of a mass for the spin-2 field is straightforward, and it leads to the 
well-known Fierz-Pauli (FP) theory. The difficulty is to find a consistent interacting 
version of this theory. 

This difficulty is much less severe in three spacetime dimensions (3D), as is shown 
by "new massive gravity" (NMG) [5] in which a mass scale is associated with curvature- 
squared terms in the action. Despite being "higher- derivative" , NMG has a linearized 
limit that is equivalent to the ghost-free 3D FP theory, and hence propagates a parity- 
doublet of massive spin-2 states. In addition, the Boulware-Deser ghosts [I] that afflict 
generic interacting higher-derivative theories are absent [5]. 

In this paper we explain how some of the ideas underlying the success of NMG as 
a 3D massive gravity theory can be extended to higher dimensions, in particular four 
spacetime dimensions (4D). At first sight, this seems impossible because the addition of 
higher-derivative interactions to the 4D Einstein-Hilbert action never yields a ghost-free 
theory propagating massive gravitons [5] . However, this problem can be circumvented, 
at least at the linearized level, by using a "dual" field representation to describe the 
graviton, i.e. not the usual symmetric tensor field but some other gauge field that 
describes the same (massive) degrees of freedom. 

The idea that the graviton might be described by a field in a "dual" representation of 
the Lorentz group is realised by the Eddington-Schrodinger (ES) model [3JB], which has 
an affine connection as the fundamental field. We review this model in our concluding 
section because there are some similarities to the model that we propose here, and 
it shows that "exotic" Lorentz representations can be compatible with interactions. 
Other "exotic" Lorentz representations were explored in [9], and the topic has been 
reconsidered more recently in the context of string/M-theory dualities, see, e.g. [TUJ 
ITT] . However, what we need here is a dual representation for massive spin 2. In D 
spacetime dimensions, the possible spin-2 field representations are those induced by 
representations of SO(D — 1) corresponding to two-column Young tableaux; for D < 4 
the correspondence is one-to-onfl The standard (symmetric tensor) representation 
has one box in each of the two columns while the dual representation has {D — 2) 
boxes in the first column and one in the second column. The 3D case is special in that 
the "dual" field is again a symmetric tensor fielcEl 

A Fierz-Pauli-type model for the 4D dual-field representation of a massive spin-2 
particle was constructed by Curtright under the rubric of "generalized FP theory" [T2] 
(see also [13J). It was pointed out relatively recently [16] that Curtright's model can be 

1 Any discussion of this issue for D > 4 depends on what is meant by "spin" . 
2 Four dimensions is similarly special for massless spin-2 duality. 
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found by an application of "connection-metric duality" . Although the dual spin-2 field 
is not a gauge field in this context, there is a procedure (introduced in [T5] and explained 
in detail in [17]) for converting 3D FP-type models into equivalent higher-derivative 
gauge theories. The basic idea is to solve the differential "subsidiary condition" on 
the FP field. A special feature of 3D is that the gauge field thus introduced is in the 
same Lorentz representation as the original FP field, i.e. a rank-s symmetric tensor for 
spin s. This allows the integration of the field equations to a (higher-derivative) gauge 
invariant action, and this action is ghost-free if it preserves parity, which it does if s is 
everJE Linearized NMG may be found this way by starting with the 3D FP theory for 
spin 2. 

A naive extension of this procedure to D > 3 fails because the gauge field found 
by solving the differential constraint on the FP field is no longer in the same Lorentz 
representation as the original FP field. However, if one takes the dual FP theory as 
the starting point then the gauge field is in the same (dual) Lorentz representation, 
so one can integrate the gauge-field equations to a (higher-derivative) action, which 
is ghost-free for some choice of overall sign because all propagated modes are related 
by rotational invariance. Here we use this observation to construct a fourth-order but 
ghost-free 4D field theory for massive spin 2. It is a 4D analog of the linearized 3D 
NMG but with a "dual" field describing the graviton, so we shall call it (linearized) 
"new massive dual gravity" (NMDG). This linear massive spin-2 model is potentially 
the linearized limit of an interacting NMDG theory describing 4D massive gravity but 
we postpone further discussion of this issue to the conclusions. 

One issue that can be addressed in the context of a linear theory, at least partially, 
is the nature of the massless limit. As is well-known, this limit is singular for FP theory 
because whereas the FP action describes the five polarization states of a massive spin-2 
particle its massless limit coincides with the linearized Einstein-Hilbert action, which 
propagates only the two modes of a massless spin-2 particle. In the case of NMDG it 
is less clear what might be meant by the "massless limit". One option is to consider 
the 4th-order term by itself. The analogous massless limit of 3D NMG was analysed 
by Deser [2], who found that it propagates a single mode, in contrast to NMG itself, 
which propagates two modes. Here we analyse the 4D "pure" 4th-order model defined 
by the 4th-order term of NMDG. We find that it propagates three modes, one scalar 
and two spin-2 modes, in contrast to NMDG itself, which propagates an additional two 
helicity-1 modes. 

We also show that the massless limit of NMDG can be taken in another way, and 
one that does not lead to any discontinuity in the number of propagated modes. In the 
massless model that results from this limit, the spin-1 modes are present as Goldstone 
bosons which become the helicity-1 modes of a massive graviton in NMDG itself. This 
is a novel example of the Stiickelberg mechanism, which is essentially an affine version 
of the Higgs mechanism. 

3 This point has been clarified in [T5] . 
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2 Connection-Metric duality 



We begin by reviewing how connection-metric duality may be used to construct a 
"generalised FP" field theory for a "dual" spin-2 field on a Minkowski space-time of 
arbitrary dimension D [16J. Then we focus on the D = 3,4 cases. 

A convenient starting point for this construction is the first-order form of the 
Einstein-Hilbert Lagrangian, det eR(u), in which the vielbein e M a and spin- connect ion 
u^ab = —u^ba are independent fields. We then linearize about a Minkowski vacuum by 
writing the vielbein as 

e/ = <y + V- (!) 

and expand the action to second order in fields. After adding a Fierz-Pauli mass term 
for the perturbation h, we arrive at the Lagrangian 

& = -2h(d ■ u) + 2W V {d a u V)Wl + d v ujp) -u-u- uj uap u apu - m 2 (h^h^ - h 2 ) , (2) 

where m is the mass, and 

= w% , h = hf. (3) 

It should be noted that is a general second-order tensor. For m 2 = the action is 
invariant under the gauge transformations 

Shp, = d^ v + A^ , Su^ p = d^Kp , (4) 

where £ M and Ap U = —A U p are the parameters of the linearized general coordinate and 
Lorentz transformations, respectively. 

Eliminating the spin-connection from the action gives rise to the following La- 
grangian: 

= h^es^e^dpd.Kp - m 2 (h^h U p - h 2 ) . (5) 

The antisymmetric part of hp U appears only in the mass term and is therefore an 
auxiliary field that can be trivially eliminated; this yields the usual spin-2 FP action 
for a symmetric tensor field. Alternatively, we can eliminate from the entire tensor 
hp V in terms of the spin-connection. After multiplication by m 2 this yields the (D- 
dimensional) dual Lagrangian 

-m 2 {u-uj-ujp v puj p n , (6) 
where 

Kp V = d a ujp Ua + dpUJ ul K = K/ = 2d-u. (7) 

It is convenient to rewrite this in terms of a rank-(D — 1) tensor U, defined by writing 
the spin-connection in the form 

Upa/3 = £aPvx-v D _ 2 U 1 ' 1 VD ~ 2 p, ■ (8) 

The [/-tensor is antisymmetric on its first (D — 2) indices. We now discuss separately 
the special cases D = 3 and D = 4. 



j5f 



(D) 



dual 



Kp U K up - , D K 2 
A(D - 1 
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2.1 D = 3 

In this case (jHJ) becomes 

^pup E-upaU n , (9) 

where U is a general second-rank tensor. Substitution into the kinetic term of the dual 
Lagrangian (jHJ) yields 

K^K Vil - |jr 2 = U^eg'^d^U^ - \{e^dpU vp f . (10) 

o z 

Using a Schouten identity, one can show that 

^ p d M £U 2 = U^e Sl ^ a d p d^ , (11) 

so that 

J%uai = U^ef^d^U^ - m 2 (U^U ull - f/ 2 ) , (12) 

where, here, U is the trace of the matrix U. This has precisely the form of the FP 
Lagrangian (J5J). We thus find that the dual Lagrangian is equivalent to the usual FP 
Lagrangian for a massive spin-2 field. 



2.2 D = 4 

In this case (jHJ) becomes 

a/3 £W- (13) 

For clarity, we have inserted a comma to help recall which is the antisymmetric index 
pair: U^ a ^ tlt = 0. Substitution into the kinetic terms of the Lagrangian (jHJ) for D = 4 
yields 

K^K v(t - ^K 2 = U^e v ^e^d p d a U a ^ - ~ (e a ^ s d a U M ) 2 . (14) 
The 4D identity analogous to the 3D identity ( TTTj) is 

^ (e^ 8 d a U M ,s) 2 = U^e^e^dpdPU^ . (15) 

As a consequence, the totally antisymmetric part of the [/-tensor cancels from the 
kinetic term and can be trivially eliminated to yield a Lagrangian in terms of the field 

Tfj,v,p U^ Uj p U^v^pj , (16) 

which is a mixed-symmetry tensor with zero totally antisymmetric part. After multi- 
plication by a factor of 1/4, we arrive at the dual Lagrangian 

I 771 2 

^duai = -T^e^e^dpdJT^ - — (T^T^p - 2T%) , (17) 
where Tp = T^ptf 9 . In terms of the "generalized Einstein tensor" 

%uA T ) = ~e^ a V fc $A?W» > (I 8 ) 
4 



the dual Lagrangian takes the form 

^duai = \t^ p % v , p {T) - l -m 2 (T^T^ p - . (19) 

The generalized Einstein tensor is a mixed-symmetry tensor of the same algebraic 
type as T. It satisfies the Bianchi-type identity 

d^% u>p = 0, d p % u , p = 0. (20) 

The first of these implies the other, as a consequence of the fact that = 0. It 

also implies that 

d p % = 0, % = %u, P V up - (21) 

Another feature of the generalized Einstein tensor is that it defines a self-adjoint ten- 
sor differential operator acting on tensors of the same algebraic type as T; the field 
equations for T are therefore 

% VyP (T) = m 2 (T mp - 2T^ v]p ) . (22) 

An equivalent set of equations is 

(□-m 2 )T^ p = 0, T p = 0, d p T mu = 0. (23) 

The first of these is dynamical while the other two are "subsidiary" conditions, which 
ensure that only the five polarization modes of a spin-2 particle are propagated; this 
can be shown by a straightforward analysis. Also, because T^p] = 0, by definition, 
the differential subsidiary condition implies that 

d p T^ p = 0. (24) 

3 New Massive Dual Gravity 

We may find a new set of higher-order equations equivalent to the second-order equa- 
tions (1231) by solving the differential subsidiary condition. To do so we use the Poincare 
lemma for differential forms in D- dimensional Minkowski spacetime: for any p-form P, 

d^P^-^-i =o = e^-^ Ul - u « p d p Q Ul .. Mq (q = D — 1 — p) (25) 

for some g-form Q, which is defined modulo a closed g-form. We can apply this to any 
tensor that is divergence-free on some set of p anti-symmetrized indices to get a dual 
gauge potential in which the set of p indices are replaced by a set of q indices. 

In the case of the differential subsidiary condition on the T-tensor in (1231) we have 
to take into account that it also satisfies ff24|) . We therefore have to use the D = 4 case 
of ff25l) twice (once with p = 1 and once with p — 2). This leads to an expression for T 
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as a second-order differential operator acting on a tensor S of the same algebraic type 
as T. In fact, one finds that 

T mp = % V , P {S) , (26) 

where the S"-tensor is defined by this equation modulo a gauge transformation of the 
type 

Sfj, u ,p — > + d p kp U — d^A^p + d[pE u ] p , (27) 

where A is an antisymmetric tensor parameter and H a symmetric tensor parameter. 
What was the differential subsidiary condition on T has now become the Bianchi-type 
identity for G(S). The construction gives us the general solution of the differential 
subsidiary condition, so G(S) = should imply that S is pure gauge. This will be 
verified explicitly in subsection 13.31 

Using (126 p in the remaining equations of (12 3 j) we find the following two gauge- 
invariant equations for S: 

(n-m 2 )% v>p (S) = Q, %(S) = 0. (28) 

By construction, these equations are equivalent to the "generalised FP" equations 
(I23p . They can be derived from the following "new massive dual gravity" (NMDG) 
Lagrangian (which is gauge- invariant up to a total derivative): 

^nmdg = ~S^% v>p {S) + JLswV^S) , (29) 

where 

% V>P = □ %u, P - d p d {ll 9 V] + Vp[ p □ % } . (30) 

The ^-tensor is of the same algebraic type as the generalized Einstein tensor, and 
hence of the new mixed-symmetry tensor field S, except that it is traceless. It also 
satisfies the same Bianchi identities as the generalized Einstein tensor. Furthermore, 
it defines a self-adjoint tensor operator acting on tensors of the same algebraic type as 
S. Using this last property, we deduce that the NMDG field equation is 

m 2 % u ,p(S)-% u>p (S) = 0. (31) 

Taking the trace of this equation, we deduce that %(5") = 0, and hence from f l30]) 
that ^pv.p = ^^u, P - Using this in ( 13~TT) . we deduce that Sf^p is annihilated by the 
Klein-Gordon operator, and hence that equation (13"T|) is, as claimed, equivalent to the 
two equations of ( f28|) . 

We have now shown that the field equations of the NMDG Lagrangian ( f29|) are 
equivalent to the (4D) spin-2 FP equations, despite the fact that this Lagrangian is 
4th-order in derivatives. Because all five propagating modes are in an irreducible repre- 
sentation of the rotation group, they will all be propagated unitarily for an appropriate 
choice of sign, which is the one we have chosen. For the remainder of this section, we 
explore a few features of this 4D model that are suggested by its 3D cousin, NMG, and 
we consider its infinite mass limit. 
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3.1 Dimensional reduction 



The analogy of 4D NMDG theory with 3D NMG may be clarified by showing how the 
latter follows from a truncated dimensional reduction of the former. We will split the 
4D indices as 

fi = {m,z}, (32) 

where z denotes the compactified direction. All fields are assumed to be independent 
of z. We then define 

hmn — S^m^^n) , (33) 

and set all other components of S to zero. Using this reduction/truncation in the 
action (|29|) . we arrive at the 3D Lagrangian 



= 2h^%„(h) + ^ 



(34) 



where the scalar £f is the 3D Minkowski trace of the symmetric tensor which is 
the linearized Einstein tensor for the symmetric tensor h. This is one form of the 3D 
NMG Lagrangian for a massive spin-2 field. 

3.2 Auxiliary field formalism 

The ^ tensor appearing in the NMDG Lagrangian ff29l) can be written in the form 

^, P = 2% u , p (y(S)) , (35) 
where the ^-tensor is an analog of the Schouten tensor: 

^ pv,p ^pu,p ~\~ T\p\p$v\ ■ (36) 

Using the self-adjointness of the operator defined by the tensor &(S), we may rewrite 
the Lagrangian ff29l) as 



^NMDG = ~S^% ViP (S) + — 2 ^ P {S) ^(S) . (37) 



Now consider the alternative two- derivative Lagrangian, involving an auxiliary field 
/ of the same algebraic type as the field S (i.e. / b jC = —fb a , c and f[ a b, c \ — 0): 



2 m z 



f^ p %u,p(S) - \ (f u ' p fpu, P - 2/" fp) 



(38) 



The field equation for / is 

fpu,p = ypu,p(S) . (39) 

Using this equation to eliminate the /-field from (I38|) we recover the NMDG action in 
the form (1371). 
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The alternative NMDG Lagrangian ( 1381) allows an alternative proof of the equiva- 
lence of the linearized 4D NMG to the dual FP theory. It is simplest to first diagonalize 
by setting 

S/j,u,p = S pU:P + —^f^p . (40) 
We then find that the Lagrangian (138]) becomes 

2 = -ls^%„ >p (s) + -L ir> p % v , P {f) - ™ 2 (r u ' p Up - V" U)] ■ (41) 

The first term is just the infinite mass limit of the Lagrangian ( 1381) expressed in terms of 
S. As it propagates no modes (a statement that we verify in the subsection to follow) 
it may be ignored. The remaining terms are just those of the dual FP Lagrangian 
(fl9|) expressed in terms of the /-tensor field. This argument is analogous to the one 
originally used to show the equivalence of 3D NMG to the 3D FP theory [3]. 

3.3 Infinite mass limit 

In the long distance limit, which is equivalent to a limit in which the graviton mass 
becomes infinite, the Lagrangian of NMDG reduces to the second-order one 

^2 = -\s^% UyP (S). (42) 

The equation of motion is now 

%,, P (S) = 0. (43) 

Since the mass of all propagating modes has been sent to infinity, we should expect 
this equation to propagate no modes. We now confirm this by an explicit canonical 
analysis. 

To make a time/space split we set 

^={0,*}, 2 = 1,2,3, (44) 
and parametrize the components of the field S py ^ p as follows: 

Sij,k = tijiUik + 2<5fc[iCj] ) 

Soi,j — W{j + SijkVk , 
Sijfl = 2<£ijk'Vk j 

S i,0 = Wi. (45) 

In the above decomposition, Uij is a symmetric, traceless 3-tensor, Wij is a symmetric 
3-tensor and Q, Vi and Wi are 3- vectors. We will fix the gauge invariance f )27l) by 
imposing a De Donder-type gauge fixing condition 

diSi^ + ^S^^O. (46) 



S 



Written out in terms of the fields U, W, £, v, w, this gauge fixing condition is given by 

^■imndmUnj , 

W = 2d lWt , (47) 

with W = Wu. Note that the above gauge conditions represent 5, 1, 3, 2 and 1 
independent conditions respectively. The 16 gauge transformations (12?]) are reducible. 
Writing (1271) in terms of 

= ~ (2 M „ - A^) , (48) 
one sees that there is a gauge invariance for the parameters ^ 

5^ = 0^ + ^,. (49) 

In total there are thus only 16 - 4 = 12 independent gauge transformations that 
are fixed by the 12 gauge fixing conditions (147|) . 

The first condition of (|47|) already implies that Uy does not propagate any physical 
modes. As 

the vanishing of the antisymmetric part of this gauge condition, implies that djUji = 0. 
Contracting the first equation of (]4"Tj) with d k e k u and using djUji = 0, leads to 

V 2 U i3 = dmdmUij = , (51) 

and hence U does not propagate any physical degrees of freedom. We can thus set 
it to zero. Similar conclusions for the other fields can be obtained by analyzing the 
equations of motion ( 1431) . Upon using the gauge fixing flSj) , together with = 0, the 
components of the Einstein tensor are given by 

%i,k = 8k[iQ] + 2d[iWj]k + e ijk d m v m - d>Eijidiv k 
+25fc[iV 2 ^] - 2d k d[iWj] , 

= -d[iQ] - ^ijV 2 W + V 2 Wi, + e ijk d k (d p v p ) , 

£%o = 2d[iCj] ~ 2e ijk d k (d p v p ) , 

%i,o = V 2 0- (52) 

From £foi,o — 0, one finds that Q does not propagate any physical modes either and 
we will thus also set Q = 0. From ^ >0 = 0, one then infers that diVi = 0. Together 
with Q = and the fourth condition of (j4"T|) . one can then see that V{ also does not 
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propagate any degrees of freedom and can be set to zero as well. The symmetric part 
of 5foi,j — then immediately implies that is non-propagating and can be set to 
zero. Finally, contracting = with 5jk and using the last condition of (EE?]) implies 
that Wi also does not propagate. 

To summarise: the equations of motion of NMDG in the infinite mass limit do not 
propagate any physical degrees of freedom, as expected. This result can be viewed 
as a check on our earlier claim that the general solution of the subsidiary condition 
d^T^p = is T = G(S), since we now see that G(S) = implies that S = once all 
gauge invariances have been fixed. 

4 Massless limit of NMDG 

We have considered the infinite mass limit of NMDG in subsection 13 .31 Now we consider 
the opposite limit in which m? — > 0. We see from (1291) that the fourth-order term 
dominates as m 2 — > 0, but to actually take the limit we must first multiply by m? . 
This gives us the "pure" fourth-order Lagrangian 

J^ m2=0 = ^ u ' p {S)y^, p {S) . (53) 

In addition to the gauge invariances (1271) this action has the conformal-type gauge 
invariance 

Spu,p ~^ S^ UtP + ?7p[^r2 i/ ] , (54) 

although the choice f2 M = <9 M for some scalar reproduces the S-transformation of (|2"T|) 
in the special case that = —rj^cf), so two 1-form parameters fl and Q' correspond 
to the same conformal-type gauge transformation if they differ by an exact 1-form. 
This conformal-type gauge invariance is new because it is broken by the "mass-term" 
(T4"2"j) that we have now dropped from the NMDG Lagrangian. As we shall see, the new 
gauge invariance leads to a 'disappearance' of the helicity-1 modes from the spectrum, 
and hence a discontinuity of the m — > limit@. A discontinuity of this sort was to be 
expected because a similar discontinuity in the number of propagated modes occurs in 
the massless limit of the 3D NMG, which is what one finds by an application to the 
Lagrangian (15^]) of the reduction/truncation procedure of subsection 13. 1( i.e. the "pure" 
fourth-order 3D Lagrangian analysed by Deser [2]. This 3D model was analysed in a 
different way in [15], and here we adapt this analysis to the 4D case. 

First we rewrite the Lagrangian of (153]) as a second-order Lagrangian by introducing 
an auxiliary field, as explained in subsection 13.21 This gives us the new, but equivalent, 
Lagrangian 

sf = r- p %uAs) - \ (r> p u P - 2/"/„) . (55) 

4 There is also a discontinuity in the number of propagated modes in the opposite, infinite-mass, 
limit, but this can be explained as as an effect of decoupling at low energy. 
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Now we use the self-adjointness of the generalized Einstein operator to rewrite this 
Lagrangian as 

2 = % VjP {j) - \ {r' p U,, P ~ 2/" U) • (56) 

In this form, we see that S is a Lagrange multiplier for the constraint S^,^/) = 0, 
which has the solution 

fnu, P = d[p,H u ^ p + dp.Jp V — d[p.J u ] p , (57) 

for some symmetric tensor H and antisymmetric tensor J. Substituting this solution 
for / (which is a procedure that can be justified by viewing it as integration over S in 
the path- integral) one finds the new, but equivalent, action 

jgf' = A E ^% V {R) - \F^Fp V p , (58) 
where &p U (H) is the linearized Einstein tensor 

% U (H) = -i {uHp U - 2d { pH v) + dpd v H) + {UH - , (59) 

with Hp = d u Hp V and H = rf v Hp V , and Fp Up is the 3-form field-strength tensor 

Fpup = 3d { pJ up] . (60) 
This result shows that H and J are subject to the gauge-invariances 

Flp V — > FLp V + d^ v ) , Jp U — >■ J M! , + c^C] , (61) 

for arbitrary vector parameters (£, C). Notice that the /-tensor is itself invariant under 
the particular gauge transformation for which £ = — 3(\ 

The essential point here is that the massless limit of (linearized) NMDG, defined by 
the action (j55|) . is ghost-free and propagates a massless scalar mode (represented by the 
2-form gauge potential J) in addition to the two massless graviton modes propagated 
by the linearized Einstein-Hilbert action for H, but there are no massless spin-1 modes. 
We shall now verify this conclusion by a canonical analysis. 

4.1 Canonical analysis 

We shall use again the parametrization ( H5|) of the space/time components of S w . 
Apart from its invariance under the gauge transformations (12 7p . the Lagrangian ( 15 3 j) 
is also invariant under the conformal transformations (|54|) . We shall begin by fixing 
these conformal transformations. A suitable gauge fixing condition is given by 

5^ = ( i = iy = 0. (62) 
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As the gauge transformations (|27|) do not preserve this choice of conformal gauge, they 
must be augmented by a compensating conformal transformation. The components of 
the parameter f2 M of this compensating transformation are 

2 

2 ( £ii — 20^01 + cfeo 



= d£jj - 23^ + d&i , (63) 



where ^ is defined in ( 148]) . The compensated ^-transformations are then given ex- 
plicitly on the fields Uij, Wij, Q, Vi, Wi by the following expressions: 

fiUij £ (i\mndm£,n\j) & (i\mndj)£,mn > 

50 = o, 

SWij = (<9 £(ij) ~~ 2(9(^ 0j ) + d(i£j) ) — ~<% (<9 6cfc — 2d k !; 0k + 9 fc ^ fe0 ) , 



= - (<9;£oo - 2d &o + <9 £ i) - ^ (^iCii - 2d i&j + d j£ji) ■ ( 64 ) 



These gauge transformations are reducible; they still feature the gauge invariance (|4~9]) 
of the parameter ^^ v . Moreover, this parameter is now subject to an extra conformal 
gauge transformation with scalar parameter A: 

= r] tlv K . (65) 

In total there are now 16 — 5 = 11 independent ^-transformations. These can be fixed 
by the following 11 gauge fixing conditions 

diWij = 0, 

d iWi = 0. (66) 

As in the infinite mass case, the first of these implies that is non-propagating and 
can be set to zero. The components of the ^-tensor can then be calculated, subject to 
the gauge conditions f l6"2"|) and f[6"6"j) and = 0. Solving the third condition of fl6"6"|) by 



Vi = di<l>, (67) 



we find 



%j, k = e ijk V 2 n<p - ZeijidkdiUj) + 2d {i UW j]k + 25 k[i nv 2 w j] - 2<9 fc <9 [j nw; j] 
+d k d[ i S /2 w j ] - 5 k [iOV 2 Wj] , 



I 

% Jfi = -2e ljk d k V 2 a4> + d {i y 2 Wj 



% id = nV 2 W ij + e ijk d k V 2 a ( j)+-d j V 2 w tJ 



\{V 2 ) 2 Wl . (68) 
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From ^ j = 0, it then follows that Wi is non-propagating and can be put to zero. 
From %j = 0, one then gets that (f> obeys the massless Klein-Gordon equation 

□0 = 0. (69) 

Similarly, from the symmetric part of ^o«,j = 0, one finds that Wij obeys the massless 
wave equation 

UWj 3 T = , (70) 

where the superscript TT indicates that the symmetric tensor is "transverse trace- 
less", i.e. traceless and subject to the gauge condition diWij = 0, which implies that 
W^ T has two independent components, which are propagated as two helicity-2 modes. 
Therefore, there is a total of three propagating modes, two of spin 2 propagated by 
W? T and the other propagated by the scalar (p. 

To show that these modes are propagated unitarily we must return to the La- 
grangian ( )53|) and express it in terms of the space/time components of S appearing in 
( l4"5j) . Upon imposing the gauge fixing conditions ( )62|) and f|66|) . we find that 

if m2=0 = VWV + 12(V 2 0)n(V 2 0) - 2W^ T V 2 aW^ T . (71) 

We thus confirm that there are three modes, propagated by <fi and W? T . Moreover, 
as V 2 is a negative definite operator, we also confirm that the kinetic terms for these 
fields are positive, so that all three modes are propagated unitarily; i.e. they are not 
"ghosts". 

4.2 Another massless limit 

We will conclude this section by showing how the massless limit can be taken in another 
way that avoids any discontinuity in the number of propagating modes. We begin by 
returning to (129]) and making the field redefinition 

Spv,p ~ t ^pu,p = S^ up + m rjp^Aj,] . (72) 

This has no effect on the quartic term in the action because of its conformal-type gauge 
invariance, so the Lagrangian is now 

^nmdg = ~S^% U>P (S) + ^Ls^ p % u>p (S) . (73) 

Although this depends on an additional field A, in comparison to the original NMDG 
Lagrangian, it also has an additional gauge invariance: it is invariant under the 
conformal-type transformation 

Sp„,p ->■ S^ p + ri p[ ptt u] , Ap — >■ Ap — mVtp . (74) 

This additional gauge invariance allows us to set A = 0, thereby recovering the original 
NMDG Lagrangian of fl29|) . In other words, A is a "Stiickelberg field". 
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Although the Lagrangian (I75|) is equivalent to the NMDG Lagrangian f[29j) for non- 
zero mass, it has a different zero-mass limit. To take this limit we first multiply by m 2 , 
as before. Then, setting m = and integrating by parts (omitting boundary terms) 
we arrive at the new massless Lagrangian 

& m »=o = -\f^F, u + ^ p (S)y^ p (S) , (75) 

where F^ v = 2d^A u ] is the field-strength for A. The conformal-type invariance is not 
lost in this limit because the conformal transformation of A also goes to zero. As 
expected, however, there is a residual Maxwell-type invariance for A, ensuring that it 
propagates only the two massless spin-1 modes that we previously lost in the massless 
limit. What we have done is to take the massless limit in a way that does not change the 
total number of gauge invariances, and this removes any discontinuity in the number 
of propagated modes. 

5 Conclusions 

In this paper we have constructed a 4D analog of the linearized 3D massive gravity 
theory known as "new massive gravity" (NMG) [3J. In this construction, the mass 
scale arises as a consequence of fourth-order terms in the action (curvature-squared 
terms in the 3D case). A naive extension of the construction from 3D to 4D fails due 
to the ghosts implicit in higher-derivative theories for D > 3. Nevertheless, we have 
shown that there is an extension of the NMG construction to D > 3, at least at the 
linearized level, if the graviton field is in an "exotic" Lorentz representation, introduced 
by Curtright |L2] in the context of a "generalized Fierz-Pauli" model. In that context 
the dual graviton field is not a gauge field but we have shown that it may be used to 
construct an equivalent 4th-order gauge theory for a spin-2 gauge potential in the same 
"exotic" Lorentz representation. 

Although this construction can be carried out for any spacetime dimension D > 4, 
we have focused here on the 4D case. In that case, we have found an explicit fourth- 
order action for a dual gauge potential that propagates the five independent modes 
of a massive graviton. We have called this (linearized) "new massive dual gravity" 
(NMDG). The unitarity of this free-field model is guaranteed by the equivalence of the 
equations of motion to the FP equations and the fact that all five propagated modes 
are related by rotational invariance. 

In the infinite mass limit, the propagating modes decouple. At the Lagrangian 
level this can be seen from the fact that only a second-order term survives the limit, 
and this propagates no modes, as confirmed by an explicit canonical analysis. This is 
very similar to what happens for 3D NMG; in that case the second-order term is the 
Einstein-Hilbert term, which does not propagate any modes in 3D. 

We have also considered the zero- mass limit. This limit can be taken directly in the 
field equations, and the resulting equations can be derived from the "pure" 4th-order 
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Lagrangian that results from discarding the 2nd-order term of the NMDG action. We 
have shown that the equations of this model propagate the two modes of a massless 
graviton and an additional massless scalar mode. There are no spin-1 modes however, 
which means that there is a discontinuity in the number of propagated modes: of the 
5 polarization states at non-zero mass only the 3 even spin states survive at zero mass. 
Such a discontinuity was not unexpected because 3D NMG has a similar feature (as do 
all FP models). However, we have also shown how it is possible to take the massless 
limit in a way that does not lead to a discontinuity. In this case the "missing" spin-1 
modes are propagated by an additional Maxwell field that is introduced initially as a 
Stiickelberg field for a conformal-type invariance; this can be viewed as a linearized 
version of a spin-2 Higgs mechanism. 

If we suppose that there is some interacting version of the 4D linearized NMDG 
model constructed here, then our results suggest that it will become equivalent to 
scalar-tensor GR in the short-distance limit (possibly with an additional Maxwell field) 
but will describe massive gravity in the long-distance limit. This could be of relevance 
to the construction of "massive gravity" models that could replace General Relativity 
on cosmological length scales. Of course, the introduction of consistent interactions 
for "exotic" gauge fields is problematic. In particular, it might seem very unlikely 
that there exist consistent interactions for dual descriptions of spin-2. However, one 
interacting theory of this general type has been known for a long time, and can be 
constructed as follows. Start with the Palatini-form of the Einstein-Hilbert action, in 
which both the metric g and the symmetric affine connection T are independent fields, 
and then add a cosmological term, with cosmological constant A: 



By partial integration in the action we can arrange for all derivatives to act on the met- 
ric, after which T becomes an auxiliary field that may be trivially eliminated. Its field 
equation determines it to be the usual Levi-Civita connection and back-substitution 
yields the Einstein-Hilbert action plus the cosmological term. On the other hand we 
could instead eliminate the metric because its field equation is 



Back substitution gives the (D-dimensional) Eddington-Schroedinger Lagrangian, which 
involves only the independent affine connection: 



By this construction, the ES theory of gravity is equivalent to GR with a cosmological 
constant, as is well-known. What we wish to emphasise here is (i) that the equivalence 
is achieved by a version of the connection-metric duality that is relevant to the con- 
struction of NMDG, and (ii) that the ES theory is an interacting model for an "exotic" 



J? = y^d^ [g^R^iT) - 2A] • 



(76) 




(77) 




(78) 
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field, not unlike the field of NMDG. There are important differences of course, not the 
least being the fact that the vacuum of the ES model is (anti) de Sitter space rather 
than Minkowski space, but the example encourages us to imagine that there could 
be some interacting theory that has NMDG as its linearized limit. It also suggests 
that it may be necessary to consider an (anti) de Sitter background. We leave further 
investigation of this possibility to the future. 
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